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Abstract
The noncommutative dipole QED is studied in detail for the matter fields in the adjoint
representation. The axial anomaly of this theory is calculated in two and four dimensions
using various regularization methods. The Ward-Takahashi identity is proved by making
use of a non-perturbative path integral method. The one-loop β-function of the theory
is calculated explicitly. It turns out that the value of the β-function depends on the
direction of the dipole length ~L, which defines the noncommutativity. Finally using a
semi-classical approximation a non-perturbative definition of the form factors is presented
and the anomalous magnetic moment of this theory at one-loop order is computed.
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1 Introduction
In the past few years, the noncommutative theories are studied intensively by many authors. Especially
Moyal noncommutative gauge theories are interesting due to their realization in the String Theory. As
it turns out, in the decoupling limit, noncommutative gauge theories can occur in the world volume
of Dp-branes in the presence of constant background Bµν field, with µ and ν lying both on the branes
[1]. For a review of Moyal noncommutativity see Refs. [2, 3].
In Refs. [4, 5], however, a new type a noncommutative product is introduced by considering a
system of Dp-branes in the presence of a constant background Bµν field with one index along the
branes’ world volume and the other index transverse to it. The gauge theories defined on these
Dp-branes are also noncommutative, but, in contrast to the Moyal case, the space-time remains
commutative. The noncommutativity appears only in the product of functions and has its origin
in the finite dipole length ~L associated to each field. A supergravity description of these so called
noncommutative dipole theories is presented in [6]. As in the Moyal case, the noncommutative dipole
Field Theory can also be defined by replacing the ordinary product of function by a noncommutative
dipole ⋆-product. The noncommutative dipole Field Theory is studied first in Ref. [7].
In this paper, a detailed study of the noncommutative dipole QED is presented. In this theory,
in analogy to the Moyal case, the matter fields appear in fundamental, antifundamental and adjoint
representations. Here, we will restrict ourselves to noncommutative dipole QED with matter fields in
the adjoint representation. In this theory point-like charged particles are absent. The only interacting
objects are multipoles. Hence noncommutative dipole QED with adjoint matter fields is an appropriate
candidate to study the interaction of neutral particles with finite dipole moments, like neutrinos, with
gauge particles like photons. There are some experimental evidences of such interactions, which cannot
be described by the commutative version of the standard model of particles [8]. This is not the only
ground to study this adjoint theory. In the framework of perturbative calculations planar as well as
nonplanar Feynman diagrams appear, which make the theory non-trivial. As in the noncommutative
Moyal gauge theory, UV/IR mixing effects [9] can appear for small dipole length and large momentum
cutoff.
In Sect. 2, a brief description of the algebraic structure of noncommutative dipole Field Theory is
presented. The action of the noncommutative dipole QED in the adjoint representation is introduced
in Sect. 3, where its global symmetries are also studied. As in the noncommutative Moyal case [10, 11],
the theory possesses three different currents. We will show that only two of them correspond to finite
conserved axial charges. In Sect. 4, the axial anomalies of these currents are calculated in two and
four dimensions using point split and dimensional regularization methods. In Ref. [12], the axial
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anomaly arising from only one of the currents of the theory is calculated using the Fujikawa’s path
integral method [13]. Our results coincides with the results presented in this paper.
In Sect. 5, a one-loop perturbative analysis is carried out to compute the one-loop contributions
to the fermion-self energy, vacuum polarization tensor and the vertex function. We will show that
one-loop fermion-self energy and vertex function include planar and nonplanar parts, whereas the
one-loop vacuum polarization tensor exhibits only a planar Feynman integral. We will calculate the
one-loop contributions to the renormalization constants Zi, i = 1, 2, 3, and show that Z1 = Z2 and
that Z3 is proportional to the tensorial structure (pµpν − p
2ηµν). To show that theses identities are
also valid in all higher orders of perturbative expansion, we will prove the Ward-Takahashi identity of
the noncommutative dipole QED in the adjoint representation in Sect. 6. This will be done first in
the framework of perturbation theory and then using the non-perturbative path integral method. In
Sect. 7, the Ward-Takahashi identity will be used to obtain the general forms for the renormalization
constant Zi, i = 1, 2, 3.
We will then calculate explicitly the one-loop β-function of noncommutative QED with adjoint
matter fields [see Sect. 7.3]. It is shown that, in contrast to the commutative QED, this theory is
asymptotically free, and that the one-loop β-function is proportional to a non-negative factor (~p·~L)2 ≡
|~p||~L| cos ϑ, where ~p is a small external momentum, ~L is the dipole length associated to each matter
fields, and ϑ is the relative angle between these two vectors. The value of the β-function depends
therefore on the lengths of two vectors ~p and ~L, as well as on the relative direction of ~L and ~p.
The factor (~p·~L)2 appearing in the one-loop β function of the theory, has in fact an interesting phys-
ical origin: As is known, for small external momentum the scattering amplitudes has to coincide with
the classical results. According to the Born approximation, the scattering amplitude is proportional
to the Fourier transformed of the scattering potential energy. In a theory where point-like charged
particles exist, like in ordinary commutative QED, this potential energy is the Coulomb potential. But
in our noncommutative dipole QED in the adjoint representation, this potential energy is the energy
between multipoles. We have found that the factor (~p · ~L), which appears in the one-loop β-function
of the theory, arises in fact from the Fourier transformed of the potential energy between two dipoles
with the dipole moments g0~L (see Appendix A for a derivation), defining a modified bare coupling
constant g¯0 = (~p · ~L)g0.
Using a semi-classical approximation in Sect. 8, we have shown that the form factors of noncom-
mutative dipole QED with adjoint matter fields, can be defined by the Fourier transformed of the
potential energy between a dipole g~L and external electric and magnetic potentials. The anomalous
magnetic moment is then calculated in one-loop order. Sect. 9 is devoted to discussions.
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2 Algebraic Structure of Dipole Field Theory
Let us establish a noncommutative Field Theory, by defining a ⋆-product in the linear space A of
quantum fields and forming an associative complex C⋆ algebra with respect to this product. A
noncommutative space is then defined by an automorphism Q : A → A which defines a derivative on
the algebra A and a linear map from A to the field C. This map is then given by
∫
: A → C which
acts as a trace on this algebra. If the following three properties
1. the Leibnitz Rule: ∀ Φa,Φb ∈ A
Q(Φa ⋆Φb) = (QΦa) ⋆ Φb +Φa ⋆ (QΦb), (2.1)
2. integration by part, i.e. ∀ Φa ∈ A ∫
Q(Φa) = 0, (2.2)
3. and the cyclicity, i.e. ∀ Φa,Φb ∈ A∫
(Φa ⋆Φb) =
∫
(Φb ⋆Φa), (2.3)
are satisfied for the above two maps, then the collection (A,Q,
∫
) forms a noncommutative space (for
a review see [2]). The noncommutative Field Theory is then defined on this noncommutative space
and its action is built using the above maps Q and
∫
. To construct a noncommutative dipole Field
Theory a constant dipole Lµa = (0, L
i
a) is assigned to each element Φa of the algebra. The dipole
⋆-product is then defined as follows:
⋆ : C∞(R4)⊗ C∞(R4) −→ C∞(R4)
(Φa ⋆ Φb)(x) ≡ Φa(x− Lb/2)Φb(x+ La/2). (2.4)
The dipole length corresponding to the product Φa ⋆ Φb is, due to the associativity of the algebra,
given by the sum of the dipoles of Φa and Φb [7]. The derivative on the noncommutative dipole space
is defined by the ordinary derivative of functions and satisfies automatically the Leibnitz rule.
As in the Moyal case, the trace on the algebra is given by the integration over all space-time
components, so that the second property [Eq. 2.2)] of the noncommutative space is easily satisfied.
The third property (2.3), however, is satisfied only for the kernel of the following map Sn:
Sn :
n⊗
i=1
C∞(R4)→R4, Sn(Φ1,Φ2, · · · ,Φn) =
n∑
i=1
Li. (2.5)
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For physical purposes, we restrict ourselves to this kernelc. For the fields Φ belonging to the C⋆-
algebra, the product (Φ ⋆ Φ†)(x) is real valued. The dipole length assigned to the self-adjoint of a
field is therefore given by the negative value of the dipole length associated to the field itself. As a
consequence, the dipole length corresponding to Hermitean fields is zero.
If the sum of the dipole lengths of two fields Φa and Φb vanishes, i.e. if (Φa,Φb) ∈ Ker S2, we have:∫
d4x (Φa ⋆ Φb)(x) =
∫
d4x Φa(x)Φb(x). (2.6)
This can be shown by a simple change of integration variable. Note that the same property is also
valid for the Moyal ⋆-product, only if both fields Φa and Φb have trivial boundary conditions.
3 Dipole QED in the Adjoint Representation
Consider the action of noncommutative dipole QED, that includes the pure gauge part and the matter
field part:
SQED[ψ, ψ¯, A] =
∫
Fµν ⋆ F
µν +
∫
ψ¯ ⋆ (iD/ −m)ψ. (3.1)
Here, the field strength tensor is defined as in the ordinary commutative QED by Fµν = ∂[µAν]. Note
that in the Moyal case, the field strength tensor includes a Moyal bracket of two gauge fields Aµ. This
nonlinear term leads to new three and four gauge vertices. As it turns out these vertices are absent
in the present noncommutative dipole QED.
The matter field part includes the covariant derivative, defined by:
Dµ ≡ ∂µ + igAµ. (3.2)
Due to the noncommutativity of the dipole ⋆-product, the matter fields have, in analogy to the Moyal
case, three different representations: the fundamental, antifundamental and the adjoint representations
[7]. The action of the fermions in the adjoint representation is given by:
SadjQED[ψ, ψ¯, A] =
∫
Fµν ⋆ F
µν +
∫
ψ¯ ⋆ (i∂/−m)ψ − g
∫
ψ¯γµ ⋆ [Aµ, ψ]⋆. (3.3)
The action (3.3) is invariant under the following transformation of matter and gauge fields:
ψ −→ (U ⋆ ψ ⋆ U−1), U ∈ U(1)
A −→ U ⋆ A ⋆ U−1 +
i
g
(∂U ⋆ U−1) = A+
i
g
(∂U)U−1. (3.4)
cAs is known, in noncommutative dipole Field Theory, the space-time coordinates are still commutative. The space
and time are therefore homogeneous and this means that the Lagrangian densities of QFTs are, in general, translational
invariant. As a consequence, in addition to a energy-momentum conservation, the sum of the dipole lengths associated
to each term in the Langrangian must vanish.
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The dipole ⋆-product in the expression U ⋆A ⋆ U−1 could be removed, because both Aµ and U(x) are
dipoleless. Using Eq. (2.6), the dipole ⋆-product can be removed from the free part of the action (3.3),
too. Hence, the fermion and photon propagators are exactly the same as in the ordinary commutative
QED. The vertex of two fermions and one gauge field must, however, be modified and is given by:
k, µ
p1 p2
Vµ (p1, p2; k) = − (2π)
4 δ4 (p1 + p2 + k) 2gγµ sin
(
k · L
2
)
. (3.5)
3.1 Noether Currents and Conserved Charges
In this section the Noether currents and the corresponding conserved charges of the noncommutative
dipole U(1) gauge theory with adjoint matter fields will be derived explicitly.
Consider first the action Sadj.[ψ, ψ¯, A] of a noncommutative Field Theory with adjoint matters,
which is invariant under an arbitrary global and continuous symmetry transformation of matter fields
ψ → ψ + ǫF(ψ), and ψ¯ → ψ¯ + ǫF∗(ψ¯). (3.6)
Here, ǫ is a constant real valued number. The variation of the action under a local infinitesimal
transformation is given by:d
Sadj.[ψ + [ǫ,F(ψ)]⋆, ψ¯ + [ǫ,F
∗(ψ¯)]⋆, A] − S
adj.[ψ, ψ¯, A] = −
∫
d4x Jµ(ψ(x), ψ¯(x))∂µǫ(x), (3.7)
where ǫ(x) ∈ C∞(R4). For the classical path in which the fields satisfy the equation of motion, the
r.h.s. of the above equation vanishes for all ǫ(x). According to the property (2.6), the most general
form for the divergence of the current is given by:
∂µJ
µ = [f(ψ, ψ¯), g(ψ, ψ¯)]⋆, (3.8)
where f and g are arbitrary functions of ψ and ψ¯. To find the conserved charge corresponding to the
current Jµ, let us consider the three dimensional volume integral over the divergence of the current.
Using the equation (3.8), the continuity equation is given by:
dQ
dt
−
∫
d3x ∂iJi(x) =
∫
d3x [f(ψ, ψ¯), g(ψ, ψ¯)]⋆, (3.9)
dThis infinitesimal transformation is an arbitrary one. It can be equivalently given by ψ → ψ + ǫ ⋆ F(ψ) or
ψ → ψ + F(ψ) ⋆ ǫ.
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where the charge Q is defined by Q ≡
∫
d3xJ0(x), as in the ordinary commutative Field Theory. Since
the time component of the dipole length corresponding to the fermionic fields ψ and ψ¯ is defined to
be zero, the r.h.s. of the Eq. (3.9) vanishes, defining a conserved charge.
This general formulation can be used to find the local vector current of the noncommutative dipole
QED with adjoint matter fields. The action (3.3) is invariant under the following global transformation
of matter fields:
ψ −→ eiαψ, ψ¯ −→ ψ¯e−iα, (3.10)
where α is a real valued number. Considering now the Langrangian density corresponding to this
action:
Ladj.QED(ψ, ψ¯, A) = ψ¯ ⋆ (i∂/−m)ψ −
1
4
(Fµν)
2 − gψ¯γµ ⋆ [Aµ, ψ]⋆. (3.11)
and a local infinitesimal transformation:
ψ −→ (1 + iα) ⋆ ψ ⋆ (1− iα) ≃ ψ + i[α,ψ]⋆, (3.12)
the Lagrangian density transforms as:
Ladj.QED −→ L
adj.
QED − gψ¯γ
µ ⋆ [∂µα,ψ]⋆. (3.13)
Going through the same formulation described before, the vector current of this theory can be given
by:
Jµ(x) = −g(γµ)
αβ{ψβ, ψ¯α}⋆(x). (3.14)
As in the Moyal case, this theory possesses two other global vector currents [11]:
J ′µ(x) = −g(γµ)
αβ(ψβ ⋆ ψ¯α)(x)
J ′′µ(x) = −g(γµ)
αβ(ψ¯α ⋆ ψβ)(x), (3.15)
which correspond to the local infinitesimal transformations ψ → (1 + iα) ⋆ ψ and ψ → ψ ⋆ (1 + iα),
respectively. Using the equation of motion corresponding to the Lagrangian density (3.12), it can be
easily shown that all these currents are classically conserved:
∂µJµ = 0, for Jµ ∈ {Jµ, J
′
µ, J
′′
µ}.
6
4 Axial Anomaly
In this section we will study the axial anomaly of noncommutative dipole QED with matter fields in
the adjoint representation. First we study the axial anomaly corresponding to the global axial vector
current
Jµ(5)(x) = −(γµγ5)
αβ{ψβ, ψ¯α}⋆(x). (4.1)
Here we will use two different regularization methods: the point split and dimensional regularization
in two and four dimensionse. We then calculate the axial anomaly corresponding to the two other
global axial vector currents of the theory J ′µ(5) and J
′′
µ(5):
J ′µ(5)(x) = −(γµγ5)
αβ(ψβ ⋆ ψ¯α)(x)
J ′′µ(5)(x) = −(γµγ5)
αβ(ψ¯α ⋆ ψβ)(x), (4.2)
using only dimensional regularization.
4.1 The Axial Anomaly of Jµ(5)
4.1.1 Point Splitting Regularization
i) Two Dimensions
Consider the axial vector current Jµ(5) from Eq. (4.1), whose point splitted version reads:
Jµ(5)(x) = symm lim
ǫ−→0
(γµγ5)αβ
[
ψβ(x−
ǫ
2
) ⋆ U†(x+
ǫ
2
, x−
ǫ
2
) ⋆ ψ¯α(x+
ǫ
2
)
+ψ¯α(x+
ǫ
2
) ⋆ U(x+
ǫ
2
, x−
ǫ
2
) ⋆ ψβ(x−
ǫ
2
)
]
. (4.3)
Here, we have introduced the link variables:
U(y, x) ≡ exp
(
− ig
∫ y
x
dzµAµ(z)
)
, (4.4)
with the known gauge transformation property:
U(x, y)→ U(x) ⋆ U(x, y) ⋆ U †(y), (4.5)
where U ∈ U(1)-gauge group. Using the transformation (3.4) of the matter fields and Eq. (4.5)
for the link variables, it can be shown that Jµ(5)(x) from Eq. (4.3) is gauge invariant. This is
because the product of ψ, ψ¯ and U , appearing on the r.h.s. of Eq. (4.3), is dipoleless. Similar
eWhen this study was almost done an article appeared [12], where the axial anomaly of noncommutative dipole QED
corresponding to the axial vector current (4.1) was calculated using the Fujikawa’s path integral method.
7
calculation is also performed in [10] for the Moyal case, where, however, the regularized currents is
only gauge covariant. An integration over all (Moyal) noncommutative space-time coordinates has to
be performed to preserve the gauge invariance.
After this remark, we use the expansion of the link variable in the first order of ǫ:
U(x+
ǫ
2
, x−
ǫ
2
) = 1− igǫµAµ(x) +O(ǫ
2). (4.6)
The VEV of the divergence of the axial vector current is then given by:
〈
∂µJµ(5)(x)
〉
= symm lim
ǫ−→0
gǫν(γµγ5)αβ
(
2
〈[
ψβ(x−
ǫ
2
), ψ¯α(x+
ǫ
2
)
]
⋆
〉
∂νAµ(x)
+
〈
ψβ(x−
ǫ
2
) ⋆ ψ¯α(x+
ǫ
2
)
〉
Fµν(x+ L)−
〈
ψ¯α(x+
ǫ
2
) ⋆ ψβ(x−
ǫ
2
)
〉
Fµν(x− L)
)
. (4.7)
In the zeroth order of perturbative expansion, using the definition of dipole ⋆-product, the expectation
value of matter fields can be easily calculated:
(γµγ5)αβ
〈
ψβ(x−
ǫ
2
) ⋆ ψ¯α(x+
ǫ
2
)
〉
= (γµγ5)αβ
〈
ψβ(x+
L
2
−
ǫ
2
)ψ¯α(x+
L
2
+
ǫ
2
)
〉
= (γµγ5)αβ
∫
d2p
(2π)2
d2q
(2π)2
〈
ψ˜β(p)
˜¯ψα(q)〉eip.(x+L2− ǫ2 )e−iq.(x+L2 + ǫ2 )
= (γµγ5)αβ
∫
d2p
(2π)2
( ip/
p2
)
βα
e−ip.ǫ
= −
i
2π
Tr(γργµγ5)
ǫρ
ǫ2
. (4.8)
Using as next lim
ǫ−→0
ǫρǫν
ǫ2 =
1
dδ
ν
ρ , where d is the space-time dimension, and Tr(γ
ργµγ5) = 2ερµ, and
replacing the result from Eq. (4.8) in the expression on the r.h.s. of Eq. (4.7), we arrive at the axial
anomaly of two dimensional noncommutative dipole QED with adjoint matters, which reads:
〈
∂µJµ(5)(x)
〉
=
g
2π
εµν
[
Fµν(x+ L) + Fµν(x− L)− 2Fµν(x)
]
. (4.9)
Since the field strength tensor is dipoleless, the above result is gauge invariant. Further the anomaly
vanishes, if we integrate both sides over one space coordinate x1:∫
dx1
〈
∂µJµ(5)(x)
〉
= 0. (4.10)
Note that classically the axial charge Q5,
Q5 ≡
∫
dx1J0(5)(x), (4.11)
corresponding to Jµ(5) from Eq. (4.1) vanishes. The above result shows that in the quantum level Q5
is still conserved.
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ii) Four Dimensions
To obtain the axial anomaly in four dimensions using the point split regularization method, the same
steps leading from Eq. (4.1) to Eq. (4.7) must be repeated. It turns out that in the zeroth order of
the perturbative expansion the contribution to the VEV of two matter fields from Eq. (4.7) vanishes.
In the first order of perturbative expansion we have therefore
〈
∂µJµ(5)(x)
〉
=
= symm lim
ǫ−→0
gǫν
{
2
[
τµ1 (x, ǫ)− τ
′µ
1 (x, ǫ)
]
∂νAµ(x) + τ
µ
1 (x, ǫ)Fµν(x+ L)− τ
′µ
1 (x, ǫ)Fµν(x− L)
}
,
(4.12)
where two functions τµ1 (x, ǫ) and τ
′µ
1 (x, ǫ) are defined by:
τµ1 (x, ǫ) ≡ (γ
µγ5)αβ
〈
ψβ(x−
ǫ
2
) ⋆ ψ¯α(x+
ǫ
2
)(ig)
∫
d4z
(
ψ¯γλ ⋆ [Aλ, ψ]⋆
)
(z)
〉
, (4.13)
and
τ ′µ1 (x, ǫ) ≡ (γ
µγ5)αβ
〈
ψ¯α(x+
ǫ
2
) ⋆ ψβ(x−
ǫ
2
)(ig)
∫
d4z
(
ψ¯γλ ⋆ [Aλ, ψ]⋆
)
(z)
〉
. (4.14)
The function τ1(x, ǫ) can be evaluated using standard perturbative methods and is given by:
τµ1 (x, ǫ) = −ig
∫
d4p
(2π)4
d4q
(2π)4
d4k1
(2π)4
d4k2
(2π)4
d4k
(2π)4
∫
d4zeip.(x+
L
2
− ǫ
2
)e−iq.(x+
L
2
+ ǫ
2
)eik.z
×(γλ)ρσ(γµγ5)αβA˜λ(k)
[〈
ψ˜β(p)
˜¯ψα(q)ψ˜σ(k2) ˜¯ψρ(k1)〉eik2.(z+L2 )e−ik1.(z+L2 )
+
〈
ψ˜β(p)
˜¯ψα(q) ˜¯ψρ(k1)ψ˜σ(k2)〉e−ik1.(z−L2 )eik2.(z−L2 )
]
= −ig(γλ)ρσ(γµγ5)αβ
∫
d4k
(2π)4
d4k2
(2π)4
(k/ + k/2)βρ
(k + k2)2
(k/2)σα
k22
A˜λ(k)e
ik.(x− ǫ
2
)e−ik2.ǫ(1− eik.L). (4.15)
For the limit ǫ→ 0 and for large k2 the last integral reads
τµ1 (x, ǫ) = −ig(γ
λ)ρσ(γµγ5)αβ
( ∫ d4k2
(2π)4
k2ζ
k42
(γζ)σαe
−ik2.ǫ
)
×
[ ∫
d4k
(2π)4
kδ(γ
δ)βρA˜λ(k)e
ik.(x− ǫ
2
) −
∫
d4k
(2π)4
kδ(γ
δ)βρA˜λ(k)e
ik.(x+L− ǫ
2
)
]
=
g
8π2
ǫζ
ǫ2
(
∂δAλ(x−
ǫ
2
)− ∂δAλ(x+ L−
ǫ
2
)
)
Tr(γ5γµγδγλγζ). (4.16)
Similarly τ ′µ1 (x, ǫ) can be easily evaluated and is given by:
τ ′µ1 (x, ǫ) = −
ig
2π2
εµδλζ
ǫζ
ǫ2
(
∂δAλ(x−
ǫ
2
)− ∂δAλ(x− L−
ǫ
2
)
)
, (4.17)
9
where Tr(γ5γµγδγλγζ) = −4iεµδλζ is used. Replacing now the results from Eqs. (4.16) and (4.17) in
Eq. (4.12), we arrive at the axial anomaly of the four dimensional noncommutative dipole QED with
adjoint matters:
〈
∂µJµ(5)(x)
〉
=
g2
16π2
εµνλδ
[
Fµν(x− L)Fδλ(x− L)− Fµν(x+ L)Fδλ(x+ L)
−2
(
Fµν(x+ L)− Fµν(x− L)
)
Fδλ(x)
]
. (4.18)
The same result is also obtained in [12] where the Fujikawa’s path integral method is used. As in two
dimensional case, the above result turns out to be gauge invariant and vanishes after integrating over
three spacial coordinates: ∫
d3x
〈
∂µJµ(5)(x)
〉
= 0. (4.19)
4.1.2 Triangle Anomaly
In this section the triangle diagrams will be calculated in two and four dimensions using the dimensional
regularization method.
i) Two Dimensions
Let us consider the two point function:
Γµν(x, y) ≡
〈
T
(
Jµ(5)(x)Jν(y)
)〉
, (4.20)
with Jν(x) and Jµ(5)(y) defined in Eqs. (3.14) and (4.1), respectively. After an appropriate shift of
integration variable the dimensional regulated Feynman integral corresponding to the above two point
function is given by:
Γµν(x, y) = g
∫
ddq
(2π)d
eiq.(x−y)(2− eiq.L − e−iq.L)
∫
ddℓ
(2π)d
Tr
(1
ℓ/
γµγ5
1
ℓ/ + q/
γν
)
. (4.21)
The divergence of Γµν with respect to yν can be easily calculated. As it turns out the vector Ward
identity vanishes:
〈 ∂
∂yν
Jν(y)
〉
= 0. (4.22)
What concerns the axial vector Ward identity, the divergence of Γµν(x, y) with respect to x is to be
calculated. It is given by:
∂
∂xµ
Γµν(x, y) ∝
∫
ddℓ
(2π)d
Tr
(1
ℓ/
q/γ5
1
ℓ/ + q/
γν
)
. (4.23)
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Using the standard ’t Hooft’s definition of γ5 in d-dimensions and the following identity:
q/γ5 = −γ5(q/ + ℓ/)− ℓ/γ5 + 2γ5ℓ/⊥, (4.24)
we arrive at:
∂
∂xµ
Γµν(x, y) = −
g
π
εαν
∫
d2q
(2π)2
eiq.(x−y)qα(2− 2 cos(q.L)). (4.25)
Now using the relation
〈
∂µJµ(5)(x)
〉
=
∫
d2y
∂
∂xµ
Γµν(x, y)Aν(y), (4.26)
and the result from Eq. (4.25) we obtain:
〈
∂µJµ(5)(x)
〉
=
g
2π
εαβ
(
Fαβ(x+ L) + Fαβ(x− L)− 2Fαβ(x)
)
, (4.27)
which coincides with our result from the point split regularization [see Eq. (4.9)].
ii) Four Dimensions
To calculate the anomaly in four dimensions, the three point function of one axial vector and two
vector currents must be considered:
Γµλν(x, y, z) ≡
〈
T
(
Jµ(5)(x)Jλ(y)Jν(z)
)〉
. (4.28)
The triangle Feynman integrals corresponding to the Γµλν is then given by:
Γµλν(x, y, z) =
= 2g2
∫
ddk2
(2π)d
ddk3
(2π)d
e−i(k2+k3).xeik2.yeik3.z
[
sin (k2.L) + sin (k3.L)− sin ((k2 + k3).L)
]
×
∫
ddℓ
(2π)d
[
Tr
( 1
ℓ/ + k/3
γµγ5
1
ℓ/ − k/2
γλ
1
ℓ/
γν
)
+
(
(k2, λ)↔ (k3, ν)
)]
. (4.29)
The divergence of the above integral with respect to yλ can be easily calculated, leading to vanishing
vector Ward identity:
〈 ∂
∂yλ
Jλ(y)
〉
= 0.
Further, the divergence of Γµλν with respect to x
µ is given by:
∂
∂xµ
Γµλν(x, y, z) =
2ig2
∫
ddk2
(2π)d
ddk3
(2π)d
e−i(k2+k3).xeik2.yeik3.z
[
sin (k2.L) + sin (k3.L)− sin ((k2 + k3).L)
]
×
[
Rλν(k2, k3) +A
λν(k2, k3)
]
, (4.30)
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where two functions Rλν and Aλν are defined by:
Rλν(k2, k3) =
∫
ddℓ
(2π)d
[
Tr
(
γ5
1
ℓ/− k/2
γλ
1
ℓ/
γν
)
+Tr
( 1
ℓ/ + k/3
γ5γλ
1
ℓ/
γν
)
+Tr
(
γ5
1
ℓ/− k/3
γν
1
ℓ/
γλ
)
+Tr
( 1
ℓ/ + k/2
γ5γν
1
ℓ/
γλ
)]
, (4.31)
and
Aλν(k2, k3) =
∫
ddℓ
(2π)d
[
Tr
( 1
ℓ/ + k/3
γ5ℓ/⊥
1
ℓ/− k/2
γλ
1
ℓ/
γν
)
+Tr
(
(k2, λ)↔ (k3, ν)
)]
. (4.32)
Here, we have used the identity (k/2 + k/3)γ
5 = (ℓ/ + k/2)γ
5 + γ5(ℓ/ − k/3) − 2γ
5ℓ/⊥. As it turns out
the function Rλν vanishes using the cyclic permutation symmetry of the trace. The anomaly is then
entirely given by Aλν , which reads
Aλν(k2, k3) =
1
4π2
εαβλνk2αk3β . (4.33)
Replacing this results in Eq. (4.30) and using the identity
〈
∂µJµ(5)(x)
〉
=
1
2
∫
d4yd4z
∂
∂xµ
Γµλν(x, y, z)Aλ(y)Aν(z), (4.34)
the VEV of the divergence of Jµ(5) is given by the same Eq. (4.18), which we have obtained by making
use of point splitting regularization method.
4.2 The Axial Anomaly of J ′µ(5) and J
′′
µ(5)
As we have seen above, the noncommutative QED with adjoint matters consists three different vector
and axial vector currents. In this section we will calculate the axial anomaly corresponding to two
currents J ′µ(5) and J
′′
µ(5) from Eq. (4.2) in two and four dimensions by making use of dimensional
regularization.
i) Two Dimensions
Let us indicate the two-point function corresponding to these currents by Γ′µν and Γ
′′
µν respectively:
Γ′µν(x, y) =
〈
T
(
J ′µ(5)(x)Jν(y)
)〉
, Γ′′µν(x, y) =
〈
T
(
J ′′µ(5)(x)Jν(y)
)〉
. (4.35)
In a dimensional regularization, the Feynman integrals corresponding to these two-point functions are
given by:
Γ′µν(x, y) = g
∫
ddq
(2π)d
eiq.(x−y)(1− eiq.L)
∫
ddℓ
(2π)d
Tr
(1
ℓ/
γµγ5
1
ℓ/ + q/
γν
)
, (4.36)
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and
Γ′′µν(x, y) = g
∫
ddq
(2π)d
eiq.(x−y)(1− e−iq.L)
∫
ddℓ
(2π)d
Tr
(1
ℓ/
γµγ5
1
ℓ/ + q/
γν
)
. (4.37)
Deriving the above integrals with respect to xµ and going through the same standard procedure leading
to the divergence of the axial vector currents, we arrive at:
〈
∂µJ ′µ(5)
〉
=
g
2π
εαβ
(
Fαβ(x+ L)− Fαβ(x)
)
,
〈
∂µJ ′′µ(5)
〉
=
g
2π
εαβ
(
Fαβ(x− L)− Fαβ(x)
)
. (4.38)
Integrating now these results over x1 we obtain:∫
dx1
〈
∂µJ ′µ(5)
〉
= 0, and
∫
dx1
〈
∂µJ ′′µ(5)
〉
= 0. (4.39)
The corresponding axial charges are therefore conserved.
ii) Four Dimensions
Let us now consider the three-point function corresponding to the axial vector currents J ′µ(5) and J
′′
µ(5)
from Eq. (4.2):
Γ′µλν(x, y, z) =
〈
T
(
J ′µ(5)(x)Jλ(y)Jν(z)
)〉
, Γ′′µλν(x, y, z) =
〈
T
(
J ′′µ(5)(x)Jλ(y)Jν(z)
)〉
. (4.40)
The dimensional regularized Feynman integrals are given by:
Γ′µλν(x, y, z) = ig2
∫
ddk2
(2π)d
ddk3
(2π)d
e−i(k2+k3).xeik2.yeik3.z(1− e−ik2.L)(1− e−ik3.L)
×
∫
ddℓ
(2π)d
[
Tr
( 1
ℓ/ + k/3
γµγ5
1
ℓ/− k/2
γλ
1
ℓ/
γν
)
+
(
(k2, λ)↔ (k3, ν)
)]
,
and
Γ′′µλν(x, y, z) = ig2
∫
ddk2
(2π)d
ddk3
(2π)d
e−i(k2+k3).xeik2.yeik3.z(1− e+ik2.L)(1− e+ik3.L)
×
∫
ddℓ
(2π)d
[
Tr
( 1
ℓ/ + k/3
γµγ5
1
ℓ/− k/2
γλ
1
ℓ/
γν
)
+
(
(k2, λ)↔ (k3, ν)
)]
.
The axial vector anomalies corresponding to these currents can be calculated using the standard
dimensional regularization procedure and read
〈
∂µJ ′µ(5)
〉
=
g2
16π2
εαβλν
[
Fαλ(x)Fβν(x) + Fαλ(x+ L)Fβν(x+ L)− 2Fαλ(x)Fβν(x+ L)
]
, (4.41)
and
〈
∂µJ ′′µ(5)
〉
= −
g2
16π2
εαβλν
[
Fαλ(x)Fβν(x) + Fαλ(x− L)Fβν(x− L)− 2Fαλ(x)Fβν(x− L)
]
, (4.42)
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respectively. Integrating over three spacial coordinates and using an appropriate shift of integration
variable, we arrive at:∫
d3x
〈
∂µJ ′µ(5)
〉
= −
∫
d3x
〈
∂µJ ′′µ(5)
〉
=
g2
8π2
εαβλν
( ∫
d3xFαλ(x)Fβν(x)−
∫
d3xFαλ(x−
L
2
)Fβν(x+
L
2
)
)
, (4.43)
which, in contrary to the result for Jµ(5) from Eq. (4.19) does not vanish. This means that the
corresponding axial charges to J ′µ(5) and J
′′
µ(5) are anomalous.
5 One-Loop Perturbative Calculation
In this section, a perturbative calculation is performed to obtain the one-loop contribution to the
renormalization constants Zi, i = 1, 2, 3 of a dipole U(1) gauge theory with matter fields in the adjoint
representation.
i) Fermion Self Energy
Using the vertex of two Fermion and one gauge field of the noncommutative dipole U(1) gauge theory
from Eq. (3.5), the Feynman integral corresponding to the one-loop fermion self energy diagram can
−iΣ(p/) ≡
p p− k
k
p
Figure 1: The diagram contributing to the one-loop fermion self energy.
be given by
Σ(p/) = −4ig2
∫
ddk
(2π)d
γµ
p/− k/ +m
k2[(p − k)2 −m2]
γµ sin2 (
k.L
2
). (5.1)
Using now the identity sin2 x = 12 (1−cos(2x)), it can be shown that the above integral includes planar
and nonplanar parts. The planar part is exactly twice the value of the one-loop contribution of fermion
self energy in the commutative U(1) gauge theory. In the minimal subtraction (MS) scheme, the mass
and wave function renormalization constants δm and Z2 are therefore given by:
δm = Σ(p/)|p/=m = −
3mg2
4π2
1
(4− d)
, Z2 ≡ 1 + δZ2 with δZ2 =
g2
4π2
1
(4− d)
. (5.2)
What concerns the nonplanar part, it is considered to be finite for finite dipole length L. In the L→ 0
limit, a UV/IR mixing will occur. In this case, the infrared divergences which arise from the nonplanar
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part cancel the ultraviolet divergences from the planar part, leading to a vanishing renormalization
constant and eventually to a vanishing β-function. This is indeed consistent with the observation that
the theory is free in the limit L→ 0.
ii) Vertex Function
The one-loop vertex function in noncommutative dipole QED, receives contribution from only one
vertex diagram:
k
q, µ
p′ p
ρσ
u¯(p′)
(
− 2g δΓµ(p′, p) sin ( q.L2 )
)
u(p) ≡
Figure 2: The diagram contributing to the one-loop vertex function.
where δΓµ is the one-loop contribution to the vertex function. Remember that in the Moyal case,
due to the appearance of additional three gauge vertex, a second diagram contributes to the one-loop
vertex function of the theory. Using the Feynman rules of noncommutative dipole U(1) gauge theory
with adjoint matters, the Feynman integral corresponding to the above diagram can be given by:
δΓµ(p′, p) = −4ig2
∫
ddk
(2π)d
γρ(p/
′ − k/ +m)γµ(p/ − k/ +m)γρ
k2[(p′ − k)2 −m2][(p− k)2 −m2]
sin2 (
k.L
2
). (5.3)
Replacing the factor sin2(k·L2 ) by
1
2 (1− cos(k ·L)) in the above integral the planar and the nonplanar
parts of the above integral can be separated. Its planar part is twice the vertex integral in the
commutative case and its nonplanar part turns out to be finite for finite value of L. If we use the
standard mimimal subtraction (MS) scheme, where only UV divergences from the planar diagrams
are to be taken into account, the wave function renormalization constant can be obtained and reads:
Z1 ≡ 1 + δZ1 with δZ1 =
g2
4π2
1
(4− d)
. (5.4)
Comparing this result with the result of Z2 from Eq. (5.2), it turns out that the identity Z1 = Z2 is
satisfied in the MS scheme.
Now let us consider again the Feynman integral corresponding to the fermion self-energy from Eq.
(5.1). Using the usual definition of δZ2 ≡
dΣ(p/)
dp/
|p/=m we have
δZ2 = 8ig
2
[ ∫ d4k
(2π)4
(k − p)2 − 4p.(k − p) +m2
k2[(k − p)2 −m2]2
sin2 (
k.L
2
)
]
p=(m,0)
, (5.5)
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which turns out to be equal to δZ1 coming from the vertex function. The identity Z1 = Z2 seems
therefore to be valid for both planar and nonplanar parts. This is one of the results from the Ward-
Takahashi (WT) identity, which will be proved in the next section. We will show its validity in any
order of perturbative expansion and any renormalization prescription scheme.
iii) Photon Self-Energy
The Feynman integral corresponding to the photon self-energy diagram
iΠµν(p) ≡
p
k
p
Figure 3: The diagram contributing to the one-loop photon self-energy
is given by:
iΠµν2 (p) = +4g
2 sin2 (
p.L
2
)
∫
ddk
(2π)d
Tr
[
γµ
i
k/ −m
γν
i
k/− p/−m
]
. (5.6)
This integral involves only a planar part. The planar phase factor appears only as a multiplicative
factor before the Feynman integral which is exactly the same integral from the commutative U(1)
and turns out to be proportional to usual tensorial structure (ηµνp
2 − pµpν). As in the commutative
U(1) the coupling constant renormalization parameter is defined for small external momenta p. In
this limit, it is given by:
Z3 = 1 + δZ3, with δZ3 =
g2
6π2
1
(4− d)
(p · L)2. (5.7)
In the next section, after proving the Ward-Takahashi identity for noncommutative dipole QED with
adjoint matters, the general form of Z3 will be presented. We will show that the above result is valid
for all orders of perturbative expansion.
6 Ward-Takahashi Identity of Noncommutative Dipole QED
In this section the Ward-Takahashi identity of the noncommutative dipole QED associated to the
gauge invariance of the theory is proved for all order of perturbative expansion. The matter fields are
still in the adjoint representations. As in the commutative QED, there are two different methods to
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show this identity: the perturbative and the path integral methods. Let us begin with the perturbative
method:
Perturbative Approach
This identity will be shown using the LSZ formalism for the correlation functions. As in the ordinary
commutative QED an arbitrary diagram is to be considered which involves an arbitrary number of
fermion and photon propagators, that are connected by vertices of two fermions and one gauge field.
Let us insert a photon line into this diagram. According to the Feynman rules of noncommutative
dipole U(1) gauge theory, the only possibility to insert this photon to the diagram is either to attach
it to an open fermion line or to an fermion loop. Consider first a part of the correlation function
corresponding to the j-th fermion line in the momentum space before inserting the photon line to it:
M0j(k) =
[
n∏
ℓ=1
i
p/ℓ −m
(
− 2gγµℓ sin
(qℓ.L
2
))] i
p/−m
. (6.1)
Now let us attach our photon first between the r-th and the r + 1-th vertices.:
k
q1 q2 q3 qn
p p1 p2
qr qr+1
pn−1 + k pn + k
Mj,r(k) ≡
Figure 4: A photon with the momentum k is attached to a part of the correlation function corre-
sponding to the j-th fermion line.
Here, pi = pi−1 + qi and the index r labels the new vertex, which is created by this attachment. We
arrive at:
Mj,r(k) = ǫµM
µ
j,r(k),
with
kµM
µ
j,r(k) =
=
i
p/n + k/ −m
(
− 2gγµn sin
(qn.L
2
))
· · ·
i
p/r + k/−m
(
− 2gk/ sin
(k.L
2
)) i
p/r −m
· · ·
i
p/−m
. (6.2)
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Using now the identity k/ = (p/r + k/−m)− (p/r −m) we obtain:
kµM
µ
j,r(k) = 2g sin
(k.L
2
)
×
[
n∏
ℓ=1
( i
p/ℓ + θ(ℓ− r − 1)k/ −m
−
i
p/ℓ + θ(ℓ− r)k/−m
)(
− 2gγµℓ sin
(qℓ.L
2
))] i
p/−m
, (6.3)
where θ(n) is the step function defined by
θ(n) ≡
{
1 n ≥ 0
0 n < 0
, ∀n ∈ Z.
There are indeed n+ 1 possibilities to attach the photon to the fermion line. Summing over all these
insertion points r, we arrive at:
n∑
r=0
kµM
µ
j,r(k) =
=
n∑
r=1
[
n∏
ℓ=1
( i
p/ℓ + θ(ℓ− r − 1)k/ −m
−
i
p/ℓ + θ(ℓ− r)k/ −m
)(
− 2gγµℓ sin (
qℓ.L
2
)
)]
×
(
2g sin (
k.L
2
)
) i
p/−m
+
i
p/n + k/ −m
(
− 2gγµn sin (
qn.L
2
)
)
· · ·
× · · ·
i
p/ + k/−m
(
− 2gk/ sin (
k.L
2
)
) i
p/−m
. (6.4)
After an appropriate redefinition of the summation index in the second term of the above expression
and after a long but straight forward calculation, we arrive at:
n∑
r=0
kµM
µ
j,r(k) = 2g sin (
k.L
2
)
[
n∏
ℓ=0
( i
p/ℓ −m
−
i
p/ℓ + k/−m
)(
− 2gγµℓ sin (
qℓ.L
2
)
)]
. (6.5)
As next, let us sum over all possible fermion lines, (i.e. sum over all j’s). We arrive at the Ward-
Takahashi identity for the correlation functions, which reads:
kµMµ(k; {pi, qi};L) = 2g sin (
k.L
2
)
×
∑
j
[
M0({pi}; q1, · · · , qj − k, · · · , qn;L)−M0(p1, · · · , pj + k, · · · , pn; {qi};L)
]
. (6.6)
Using now the standard LSZ formalism, and considering only the on-shell external momenta {pi} and
{qi}, the r.h.s. of the above equation vanishes by usual argumentation from the commutative U(1)
gauge theory. The WT identity for the S-matrix elements is therefore given by:
kµMµ(k; {pi, qi};L) = 0. (6.7)
The same expression is indeed valid if the photon is inserted to a fermion loop. This can be seen by
putting p0 = pn in the Eq. (6.5).
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Path Integral Approach
In this section, the WT identity of noncommutative dipole U(1) gauge theory with matter fields in
the adjoint representation will be calculated using the non-perturbative path integral method. Using
the local gauge transformation of the matter fields from Eq. (3.4), it can be shown that the inner
product ψ¯ ⋆ ψ is invariant:
ψ¯ ⋆ ψ −→ (U ⋆ (ψ¯ ⋆ ψ)) ⋆ U−1 = (U−1U)(ψ¯ ⋆ ψ) = ψ¯ ⋆ ψ. (6.8)
Note that both U ∈ U(1) and the product ψ¯ ⋆ ψ are dipoleless. Let us now consider the following
expression
F{µi,νi}({xi, x
′
i}) =
∫
Dψ Dψ¯ DA ei
∫
d4xLadj
QED T
(
n∏
i=1
ψµi(xi)ψ¯νi(x
′
i)
)
. (6.9)
Under an infinitesimal gauge transformation of the matter fields in the form given in the Eq. (3.12),
we have:
0 =
∫
Dψ¯ Dψ DA ei
∫
d4xLadj
QED
[( n∏
i=1
ψµi(xi)ψ¯νi(x
′
i)
) ∫
d4x(ψ¯γµ ⋆ [∂µα,ψ]⋆)(x)
−
( n∑
i=1
ψµ1(x1) · · · [α,ψµi ]⋆(xi) · · ·ψµn(xn)
)( n∏
j=1
ψ¯νj (x
′
j)
)
−
( n∏
j=1
ψµj (xj)
)( n∑
i=1
ψ¯ν1(x
′
1) · · · [α, ψ¯νi ]⋆(x
′
i) · · · ψ¯νn(x
′
n)
)]
. (6.10)
Here, Eq. (3.13) and the invariance of the measure of the integral under the infinitesimal transforma-
tion from Eq. (3.12) are used. After a partial integration in the first term on the r.h.s. of Eq. (6.10)
and using the relation:
[α,ψµi ]⋆(xi) = −
∫
d4xψµi(xi)α(x)
(
δ(x− xi −
L
2
)− δ(x− xi +
L
2
)
)
, (6.11)
and the corresponding relation for ψ¯ in the second and third terms of Eq. (6.10), we have:
ikµ〈Ω|T J˜
µ(k)
n∏
i=1
ψ˜µi(ℓi)
˜¯ψνi(ℓ′i)|Ω〉 =
×2ig sin(
k · L
2
)
[
〈Ω|T
( n∑
i=1
ψ˜µ1(ℓ1) · · · ψ˜µi(ℓi − k) · · · ψ˜µn(ℓn)
)( n∏
j=1
˜¯ψνj(ℓ′j))|Ω〉
−〈Ω|T
( n∏
j=1
ψ˜µj (ℓj)
)( n∑
i=1
˜¯ψν1(ℓ′1) · · · ˜¯ψνi(ℓ′i + k) · · · ˜¯ψνn(ℓ′n))|Ω〉
]
. (6.12)
This relation can be finally rewritten in the form given in Eq. (6.6), that we obtained in the previous
section using the perturbative method. Eq. (6.7) can therefore be given for the S-matrix elements,
too.
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7 Renormalization Constants and the one-loop β-Function
In this section the renormalization constants of the noncommutative dipole QED with adjoint matter
fields will be studied non-perturbatively and the one-loop β-function of the noncommutative QED
with adjoint matters will be derived explicitly. Using the WT identity, which is proved in the previous
section, we will first show that Z1 = Z2 in all orders of perturbative expansion. We then turn to
Z3 and argue that due to the gauge invariance arising from WT identity, the vacuum polarization
amplitude is in all order of the perturbative expansion proportional to the usual tensorial structure
(pµpν − ηµνp
2), where p is the external photon momentum. Note that the same situation occurs in
the ordinary commutative QED but in no way in the Moyal case.
7.1 Z1 and Z2
Let us consider the vertex function Γµ(p, q) in the momentum space with the incoming external
momentum q for the photon and outgoing momentum p for the fermion [See Fig. 5]:
p
p+ q = p′q
= 2g sin ( q.L2 )
[
p
p
−
p+ q
p+ q ]
Figure 5:
Making use of the WT identity from Eq. (6.6), we first obtain:
S(p+ q)(− 2igqµΓ
µ(p+ q, p))S(p) = 2g sin
(q.L
2
)
(S(p)− S(p + q)), (7.1)
where S(p) is the exact fermion propagator. Taking as next the zero momentum limit q → 0, the
vertex function (7.1) can be given by:
Γµ(p+ q, p) = Z−11 γ
µ sin
(q.L
2
)
, (7.2)
which indeed gives an appropriate definition for Z1. Using, as usual the LSZ formalism, the only
relevant term in the exact fermion propagator is given by:
S(p) =
iZ2
p/−m
. (7.3)
Replacing as next the vertex function and the fermion propagator from Eq. (7.2) and (7.3) in the Eq.
(7.1), we obtain Z1 = Z2, as expected. This result is obtained without any use of perturbation theory,
and is therefore exact for all orders of perturbative expansion.
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7.2 The General Structure of Vacuum Polarization Tensor and Z3
Let us consider the full photon propagator Dµν(p, L) with p the external photon momentum and L
the dipole length. As in the ordinary QED Dµν(p, L) is given as a series of 1PI vacuum polarization
tensor iΠµν(p, L), which includes all loop corrections [see Fig. 6].
Dµν ≡
µ ν
=
µ ν
+ 1PI
µ ν
+ 1PI 1PI
µ ν
+ · · ·
with
≡ iΠµν(p, L)1PI
µ ν
Figure 6: The full photon propagator can be written as a series of one particle irreducible (1PI)
diagrams.
According to the WT identity Dµν(p, L) must satisfy the relation:
pµDµν(p, L) = 0 = p
νDµν(p, L). (7.4)
The same relation must therefore be satisfied by each iΠµν(p, L). The only two index object can be
made from pµ, ηµν and Lµ which satisfies both sides of the above equation is given by
iΠµν(p, L) = 4i sin
2 (
p · L
2
)(pµpν − ηµνp
2)Π(p, L). (7.5)
Here we have separated the contribution of two vertices Vµ and Vν [Eq. (3.5)] as a factor −4 sin
2 p·L
2
before Π(p, L). Note that the above tensor structure does not include L. Remember that in the Moyal
case no such simple tensor structure can be obtained for the vacuum polarization tensor [14].
Now, summing up the 1PI diagrams from the r.h.s. of the Fig. 6, we obtain:
Dµν(p, L) =
−i ηµν
p2[1 + 4 sin2(p·L2 ) Π(p, L)]
, (7.6)
where a term proportional to
pµpν
p4 on the r.h.s. of the above equation is neglected, because it does
not contribute in the S-matrix elements. Here Π(p, L) includes all radiative corrections.
The general structure of Z3 can now be defined using the Eq. (7.6) where the small momentum
limit pi → 0, i = 1, 2, 3 is to be considered
Z3 =
1[
1 + (p · L)2Π(0, L)
] . (7.7)
The factor (p ·L)2 which appears before Π(0, L) in the denominator of the above equation arises from
the pi → 0 limit of sin
2(p·L2 ) in the denominator of the expression on the r.h.s of the Eq. (7.6). As
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it is known, in the ordinary QED, where no sin2(p·L2 ) factor appears in the denominator of Z3, the
renormalization constant Z3 is defined by the function Π(p
2) evaluated at p2 exactly equal to zero. It
can be shown that in the commutative case the function Π(p2) coming from the vacuum polarization
tensor includes both p-dependent and p-independent parts. In the limit pi → 0 the p-dependent part
can be neglected comparing to the p-independent part because of its polynomial structure. This is
the same as putting pi exactly equal zero, from the begin on, in the original commutative Π(p
2).
In the noncommutative dipole Field Theory, however, Π(p, L) is ab initio multiplied by sin2(p·L2 ).
This means that no p-independent terms appear in the denominator of Πµν(p, L) and Z3. The factor
(p ·L)2 survives therefore the pi → 0 (i = 1, 2, 3,) limit. Using now the Eq. (5.7), δZ3 can be given in
all order of perturbative expansion by:
δZ3 = −(p · L)
2 Π(0, L), with pi → 0. (7.8)
7.3 One-loop β-Function of Noncommutative Dipole QED
In this section, we will first calculate the one-loop β-function of noncommutative dipole QED with
adjoint matters explicitly. We will show that it is proportional to the same factor (p · L)2, which
appears also in δZ3 from Eq. (7.8). Using a semi-classical analysis we will then explain the physical
origin of this factor.
Following the standard procedure from commutative QED, we calculate the one-loop β-function, by
separating the Lagrangian of the theory in two parts, the renomalized part and the counterterm part.
The renomalized part is in terms of renormalized fields ψr, Aµ,r and renormalized coupling constant g.
They are related to bare fields ψ and Aµ and bare coupling constant g0 through standard commutative
relations:
ψr = Z
−1/2
2 ψ, Aµ,r = Z
−1/2
3 Aµ, and g0 = g Z
−1/2
3 Z1Z
−1
2 = g Z
−1/2
3 . (7.9)
In the last expression, the WT identity from previous section is used (Z1 = Z2). All loop diagrams
which arise from the perturbative expansion using this Lagrangian, depend therefore on renomalized
coupling constant g, which must be taken as a function of the renomalization (energy) scale µ. The
β-function of the theory is then defined by the variation of g with respect to µ:
β(g) = µ
∂g(µ)
∂µ
. (7.10)
According to the last expression in Eq. (7.9) the renormalized coupling constant is proportional to
Z3. In the one-loop order it is given by
Z3 = 1 + δZ3 = 1 +
g2(µ)
(4π)d/2
sin2(
~p · ~L
2
)
∫ 1
0
dx (8x(1− x))
Γ( ǫ2)
[−x(1− x)p2]ǫ/2
∣∣∣∣∣
(p0=µ,~p2<<µ2)
. (7.11)
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The factor sin( ~p·
~L
2 ) comes from the vertex of two fermion and one gauge field from Eq. (3.5). Taking
p0 = µ and ~p
2 << µ2 the renormalization condition p2 = p20 − ~p
2 = µ2 is guaranteed. Putting now
p = (p0 = µ, ~p) with small ~p
2 << µ2 and L = (0, ~L), the factor sin(p·L2 ) can be replaced by (~p ·
~L/2).
The one-loop β-function of the noncommutative dipole QED is then by:
β(g) = −
g3(µ)
12π2
α2(~p, ~L), (7.12)
where we have introduced the function α(~p, ~L) ≡ ~p ·~L with ~p2 << µ2. The minus sign of β(g) indicates
that the noncommutative QED with adjoint matters is asymptotically free [7]. According to this result
the one-loop β-function of the theory depends on the product ~p · ~L ≡ |~p| |~L| cos ϑ with ϑ the relative
angle between the external momentum ~p and the dipole length ~L. This means that the function β(g)
vanishes not only at |~L| = 0, as expectedf , but also when either |~p| = 0 (forward scattering) or when
θ = π2 or
3π
2 . The theory, however, remains always asymptotically free, because the factor α
2(~p · ~L)
in the one-loop β-function is always positive. The appearance of the scalar product (~p · ~L) in the
argument of the sine is due to the broken Lorentz symmetry of the noncommutative dipole QED,
which has its origin in the appearance of a fixed vector ~L with a definite length and direction.
In the following we would like to give a physical interpretation of the factor α(~p, ~L) in the one-loop
β-function from Eq. (7.12):
As is well-known, in the QFT, in general, the results of the scattering amplitudes in the small
momentum limit (pi → 0, i = 1, 2, 3) must coincide with the classical results. In the Born approxima-
tion the scattering amplitudes are proportional to the Fourier transformed of the scattering potential
energy. In a theory with finite point like charges, the potential Ve(~r) is a central Coulomb poten-
tial Ve(r) =
g
4πǫ0r
. Hence in the framework of QED for the small momentum limit, the scattering
amplitudes of the electrons are proportional to V˜e(p) =
g2
p2 in the momentum space.
In the noncommutative dipole QED with matter fields in the adjoint representation, however, no
point like charged particles are present. The theory includes only finite multipoles. In the lowest
order of the dipole length L, the scattering potential energy is therefore the energy between two
dipoles. According to the Born approximation, the classical scattering amplitudes are proportional to
the Fourier transformed of the potential energy of two dipoles g0L1 and g0L2 at large distances. For
L1 = L2 ≡ L this classical potential energy in the momentum space is given by [see Appendix A for
a derivation]:
V˜L(p)
∣∣∣∣∣
classical
= −
g¯20
p2
, with g¯0 ≡ g0α(~p, ~L), (7.13)
fFor |~L| = 0 noncommutative dipole QED with adjoint matters turns out to be free.
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and α(~p, ~L) ≡ ~p · ~L. Hence comparing to the potential of a point like charged particle V˜e(p), the bare
coupling constant must be replaced by g¯0, and is therefore proportional to the factor α(~p, ~L). This
replacement is only true for a process where two photons with the momentum p are involved as in
Fig. 7
pi → 0
Figure 7:
The new renormalized coupling constant can then be given by g¯ ≡ α(~p, ~L)g = g¯0 Z
1/2
3 . This is exactly
the same factor which appears in the expression (7.11) for Z3. Going now through the same procedure
as described above the one-loop β-function of noncommutative dipole QED turns out to be given by
the same Eq. (7.12).
8 Form Factors and One-Loop Anomalous Magnetic Moment
In this section we will study the form factors of noncommutative dipole QED with adjoint matter
fields and derive explicitly the anomalous magnetic moment of this theory.
The general form of the vertex function Γµ(p′, p) of noncommutative QED is given by:
Γµ(p′, p) =
[
γµA1 +
(p+ p′)µ
m
A2 +
(p′ − p)µ
m
A3 +mL
µA4
]
sin
(q · L
2
)
, (8.1)
where according to the diagram on the l.h.s. of the Fig. 2, p′ and p are the momenta of the ex-
ternal fermions and q is the photon momentum. The functions Ai, i = 1, 2, 3, 4 depend in general
on q
2
m2 , p.L, p
′.L,
p/
m ,
p/
′
m ,mL/ which appear only in polynomial structures. Here L is the dipole length
of the theory and for our physical purposes is a small parameter. The last term on the r.h.s. of
Eq. (8.1) can therefore be neglected. Besides the parameter mL/ does not appear in the functions
Ai, i = 1, 2, 3 anymore. Following the standard arguments form commutative QED and using the WT
identity qµΓ
µ(p′, p) = 0, we arrive at:
Γµ(p′, p) =
[
γµF1(q
2, p · L, p′ · L) +
iσµνqν
2m
F2(q
2, p · L, p′ · L)
]
sin
(q · L
2
)
, (8.2)
where σµν ≡ i2 [γ
µ, γν ] and Fi, i = 1, 2 are the form factors of the theory. Here, in comparison to the
commutative QED, they have new physical origins. Remember that in the noncommutative dipole
24
QED, no point like charged particles are present. The theory includes only multipoles. In a semi-
classical approximation, the form factors are therefore defined by the interaction of a finite dipole
moment g~L with external electric and magnetic fields. This is in contrast to commutative QED,
where the interaction of point like charged particles with external fields defines the form factors.
To compute F1(q
2, p ·L, p′ ·L) let us take, as in the commutative case, a classical external potential
Aµcl(x) = (φ(~x),
~0), where φ(~x) is an arbitrary electrical potential. In the momentum space, it can be
given by A˜µcl(q) = (2πδ(q
0)φ˜(~q),~0). Using A˜µcl(q), the scattering amplitude of a dipole moment can be
calculated and reads:
iM = ig u¯(p′)Γ0(p′, p)u(p) φ˜(~q). (8.3)
Now going back to the Eq. (8.2) and taking the small momentum limit qi → 0, i = 1, 2, 3, we arrive
at:
Γ0(p′, p) = 2gγ0
~q · ~L
2
F1(0, L). (8.4)
Putting now this expression on the r.h.s. of the Eq. (8.3), we obtain:
iM = −iF1(0, L) (g~L · ~q) φ˜(~q) (2mξ
′†ξ), (8.5)
where ξ and ξ† are two component spinors. Going back to the position space and comparing this
relation with the classical potential energy of an external electric field ~E acting on a dipole moment
g~L
V (~x) = −gF1(0, L) ~L · ~E,
we have
F1(0, L) = 1. (8.6)
This is in contrast with the commutative QED where, for the limit of small momenta, the scattering
amplitude is to be compared with the Fourier transform of the classical potential energy of a point
like charged particle in the external field φ(~x).
Taking now Aµcl(x) = (0,
~Acl(~x)) as an arbitrary magnetic potential with A˜
µ
cl(q) = (0, 2πδ(q
0)A˜icl(~q))
in the momentum space, the scattering amplitude of a dipole moment can be first given by:
iM = 2ig
~q · ~L
2
u¯(p′)
[
γiF1(0, L) +
iσiνqν
2m
F2(0, L)
]
u(p)Aicl(~q). (8.7)
Using now the standard relation:
u¯(p′)
[
γiF1(0, L) +
iσiνqν
2m
F2(0, L)
]
u(p) = 2mξ′†
{
−
i
2m
εijkqjσk
[
F1(0, L) + F2(0, L)
]}
ξ, (8.8)
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with the Pauli matrices σk, k = 1, 2, 3, we arrive at:
iM = −(g~L · ~q) (2m) ξ′†
(σk
2
)
ξ [εkjiqjA˜icl(~q)]
[
1 + F2(0, L)
]
, (8.9)
where we have used the previous result from Eq. (8.6). Going again back to the position space and
comparing this relation with the classical potential energy of an external magnetic field ~B acting on
a dipole moment g~L:
V (~x) = − < ~µ > ·
( ~L
|~L|
.~∇
)
~B(~x),
where the magnetic dipole moment ~µ ≡ g lande´
(
g|~L|
2m
)
~S is introduced, we arrive at:
< ~µ >=
g|~L|
m
[
F1(0, L) + F2(0, L)
]
ξ′†~Sξ, (8.10)
with ~S = ~σ/2. The Lande´ factor is therefore given by: g lande´ = 2[1+F2(0, L)], where 2F2(0, L) is the
anomalous part of this factor. It is now possible to find the one-loop contribution to F2(0, L) from
the one-loop Feynman diagram corresponding to the vertex function (5.3). We obtain
F2(0, L) =
g2
π2
m2~L2
∫ 1
0
dα
∫ 1−α
0
dβ
∫ 1−α−β
0
dγ δ(α + β + γ − 1)
α(β + γ)
(α + β + γ)4
exp
( (β + γ)2
α+ β + γ
)
=
g2
2π2
m2~L2. (8.11)
The anomalous magnetic moment is therefore proportional to ~L2 and vanishes by taking the limit
L→ 0, as expected from a free Field Theory.
9 Conclusion
In this paper, a detailed study of the noncommutative dipole QED with matter fields in the adjoint
representation is presented. After introducing the action of the theory in Sect. 3, the Noether
currents and the corresponding conserved charges are derived using the noncommutative version of
the Noether procedure. In analogy to the noncommutative Moyal case [11], noncommutative dipole
QED possesses three different global vector and axial vector currents. In Sect. 4, the axial anomaly
for all these currents are calculated in two and four dimensions using the point split and dimensional
regularization methods. In [12], the axial anomaly was calculated for only one of the three global
currents of the theory using the Fujikawa’s path integral method [13]. Our result coincides with the
result presented in this paper. We have further shown, that in two dimensions the axial anomalies
corresponding to all three currents of the theory vanish after integrating over one space component.
The axial charges corresponding to these currents are therefore conserved. In four dimensions, however,
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the axial charges corresponding to two currents J ′µ(5) and J
′′
µ(5) from Eq. (4.2) are anomalous, whereas
the axial charge of Jµ(5) from Eq. (4.1) is still conserved.
In Sect. 5, the fermion- and photon-self energy and the vertex function are calculated up to one-loop
order. Comparing the one-loop Feynman integrals of the fermion self-energy and the vertex function,
which include both planar and nonplanar parts, we have shown that Z1 = Z2, where Zi, i = 1, 2 are the
standard renormalization constants. Further the vacuum polarization tensor has the usual tensorial
structure (ηµνp
2−pµpν). These properties are also valid for all higher orders of perturbative expansion.
This could be shown in a detailed analysis of the Ward-Takahashi identity of the noncommutative
QED with adjoint matter fields using two different methods in Sect. 6. It shall be noticed, that
the noncommutative Moyal case has none of these two properties [14]. This is mainly so, because in
the Moyal noncommutativity, even in one-loop order, additional diagrams appear, which arise from
additional three and four gauge vertices. These vertices are absent in the noncommutative dipole
QED.
The general structure of the renormalization constant Z3 is presented in Sect. 7, and the one-
loop β-function of the theory is then calculated explicitly. We have found that comparing to the
commutative QED, the noncommutative dipole QED with adjoint matters is asymptotically free.
Further the β-function of the theory is proportional to a factor α(~p, ~L) ≡ (~p · ~L) with small momentum
~p. In fact, it could be shown that ~p2 << µ2, where µ is the renormalization scale parameter. As in
the semi-classical approximation of commutative QED, we expect that for the small momenta ~p, the
scattering amplitudes must coincide with the classical results of scattering processes. According to the
Born approximation, the scattering amplitude must be proportional to the Fourier transformed of the
potential energy. Since in a noncommutative dipole theory with adjoint matters, point like charged
particles are absent, the potential energy can only be defined between multipoles. In the lowest order
of multipole expansion, we calculated the potential energy between two dipoles [see Appendix A], and
found out that the bare coupling constant of the noncomutative dipole QED must indeed be modified
by the factor α(~p, ~L). This is the same factor which appears in the one-loop β-function of the theory.
Since the one-loop β-function of the theory depends on the product ~p · ~L ≡ |~p| |~L| cos(ϑ) with ϑ
the relative angle between the momentum ~p and the dipole length ~L, it vanishes not only at |~L| = 0,
as expected from a free theory, but also when either |~p| = 0, i.e. in a forward scattering or when
θ = π2 or
3π
2 . The theory, however, remains always asymptotically free, because the factor α
2(~p · ~L)
in the one-loop β-function is always positive. Hence the value of the one-loop β-function depends on
the direction of the dipole length ~L. This is mainly because introducing a constant vector ~L with a
definite length and direction in the theory breaks the Lorentz symmetry of the theory.
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In Sect. 8, the form factors of the theory are defined using a semi-classical approximation. In
contrary to the commutative QED, where the form factors can be defined by studying the effect of
external electric and magnetic fields on point-like charged particles, the form factors in the noncom-
mutative QED are to be defined by the Fourier transformed of the potential energy between the dipole
and external electric and magnetic fields. The anomalous magnetic moment is then calculated up to
one-loop order. We have shown, that it is proportional to (m~L)2 and vanishes by taking L→ 0.
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A Classical Potential of Two Electric Dipole Moments
Let us consider two electric dipole moments g~L1 and g ~L2. The potential energy of the second dipole
arising from the first one is given by:
VL(~r) = g~L2 · ~∇φ(~r) with φ(~r) =
g
4π
~L1 · ~r
r3
, (A.1)
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where r is the distance between the center of two dipoles. In this section we would like to calculate
the Fourier transformed of this potential energy explicitly. In the momentum space we have
V˜ (~p) =
∫
d3re−i~p·~rV (~r). (A.2)
Taking ~p along the z-axis and putting Eq. (A.1) in Eq. (A.2), we arrive at:
V˜ (~p) =
g2~L2
4π
·
[ ∫
d3r ~∇(
~L1 · ~r
r3
e−i~p·~r) + i~p
∫
d3r
~L1 · ~r
r3
e−i~p·~r
]
, (A.3)
where an integration by part is performed. Using the well-known vector algebra identities, the first
term is given by
g
∫
d3r ~∇(
~L1 · ~r
r3
e−i~p·~r) = g
∮
S
d~s
~L1 · ~r
r3
e−i~p·~r = g lim
r→∞
∫
dΩ rˆ
~L1 · ~r
r
e−ipr cos θ. (A.4)
This term vanishes due to the factor e−ipr cos θ and the symmetric integration interval of cos θ ∈ [−1, 1].
Now let us consider the second term on the r.h.s of the Eq. (A.3). In the spherical coordinates, we
obtain
V˜ (~p) =
ig2
2
(~L2 · ~p) (~L1 · zˆ)
∫
dr
−ip
∂
∂r
∫ 1
−1
d cos θe−pr cos θ = −
g2(~L2 · ~p)(~L1 · zˆ)
p2
lim
r−→ 0
sin(pr)
r
. (A.5)
We finally arrive at:
V˜ (~p) = −
g2(~L1 · ~p)(~L2 · ~p)
p2
. (A.6)
This result is used in the Eq. (7.13).
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